We report molecular dynamics results for the contact values of the radial distribution functions of binary additive mixtures of hard disks. The simulation data are compared with theoretical predictions from expressions proposed by Jenkins and Mancini ͓J. Appl. Mech. 54, 27 ͑1987͔͒ and Santos et al. ͓J. Chem. Phys. 117, 5785 ͑2002͔͒. Both theories agree quantitatively within a very small margin, which renders the former still a very useful and simple tool to work with. The latter ͑higher-order and self-consistent͒ theory provides a small qualitative correction for low densities and is superior especially in the high-density domain.
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I. INTRODUCTION
Model systems of hard disks and hard spheres are useful for the derivation of rigorous results in statistical mechanics as well as in perturbation theories of fluids. 1 Hard disks and hard spheres are also relevant for the modeling of mesoscopic systems such as colloidal suspensions 2 and granular matter. 3 Apart from its academic interest, the study of twodimensional systems is important in the context of monolayer adsorption on solid surfaces. 4 Recently, the equation of state of hard disks has been experimentally measured in charge-stabilized colloidal particles suspended in water and confined by a laser beam. 5 While most of the studies are restricted to monodisperse fluids, it is obviously important to consider the polydisperse character of the system, especially in applications to mesoscopic matter. The equation of state as well as nonequilibrium transport properties of bidisperse systems of inelastic hard disks have been discussed in the literature; see Refs. 6 -16 and references therein.
The state of an additive m-component fluid mixture of Nϭ ͚ iϭ1 m N i hard disks is characterized by the total number density , the set of mole fractions xϵ͕x 1 ,x 2 ,...,x m ͖, with x i ϭN i /N, and the set of diameters ϵ͕ 1 , 2 ,..., m ͖. Instead of , the area fraction ϭ(/4)͗ ϵ ͚ i x i i n is the nth moment of the size distribution, can be used to characterize the density of the system. The spatial correlation between two disks of species i and j separated by a distance r is measured by the radial distribution function ͑RDF͒ g i j (r;,x,). The contact values
of the RDFs are of special interest since they appear in the Enskog kinetic theory of dense fluids 17 and, more important, they are directly related to the equation of state ͑EOS͒ of the fluid via the virial theorem,
Alternatively, the compressibility factor Z can be expressed as
where iw (,x,) denotes the density of species i at contact with a planar hard wall, relative to the associated bulk density. Its expression can be obtained from that of i j (,x,) by assuming the wall to be a component of the mixture present in zero concentration and having an infinite diameter:
19,20
The subscript w in Z w has been used to emphasize that Eq. ͑3͒ represents a route alternative to Eq. ͑2͒ to get the EOS of the hard-disk polydisperse fluid. Of course, ZϭZ w in an exact description, but Z and Z w may differ when dealing with approximations. Thus a stringent consistency condition for an approximate theory of i j is to yield the same EOS through both routes. The aim of this paper is twofold. First, we present ͑ac-curate͒ molecular dynamics results for i j in the case of a bidisperse hard-disk fluid mixture with a size ratio 1 / 2 ϭ1/2. Next, those simulation data are compared against theoretical predictions by Jenkins and Mancini 6 and by Santos et al. 21 As will be seen, both theories agree quantitatively well with the simulation data but the latter is slightly superior in the high-density fluid regime (0.3ՇՇ0.7). The theoretical proposals for i j are presented in Sec. II simulation method is outlined in Sec. III. The results are presented and discussed in Sec. IV and we close the paper in Sec. V with some final remarks.
II. THEORETICAL APPROXIMATIONS
In this section, different approximations for the contact values of the radial distribution function are reviewed, first for the monodisperse and then for the polydisperse case.
A. The monodisperse case
For the sake of completeness, let us begin with the onecomponent fluid before considering the more general polydisperse fluid. Perhaps the most widely used approximation for the contact value ͑͒ of the RDF of the monodisperse hard-disk fluid is the one proposed by Henderson in 26 -29,31 H () overestimates the simulation data ͑by a few percent at ϭ0.68), while Eq. ͑7͒ presents an excellent agreement with computer simulations for densities р0.68.
B. The polydisperse case
In this section, the classical result for the RDF contact value 6 is confronted to more recent findings. 21 The derivation is detailed for bulk and wall EOS in both cases, and the agreement/disagreement of the two approaches is discussed.
Jenkins and Mancini's approximation
In the case of a hard-disk mixture, a useful approximation for the contact values i j was proposed by Jenkins and Mancini ͑JM͒ in 1987. 6 It reads
where the parameter
contains the whole dependence of i j on the size composition through the first two moments. It is worth mentioning that Eq. ͑8͒ was originally proposed in the context of inelastic disks and thus it is much better known by researchers in granular matter theory than by researchers in liquid theory. As a matter of fact, Eq. ͑8͒ has recently been rediscovered by liquid theorists. 32 In the special case where all the disks have the same diameter ( i →), one has z i j →1 and so Eq. ͑8͒ reduces to Henderson's approximation ͑5͒ for monodisperse disks. Thus, Jenkins and Mancini's approximation ͑8͒ represents a simple, straightforward extension of H to the polydisperse case. As a consequence, it inherits, by construction, the limitations of Henderson's equation ͑5͒ for high densities ͑cf. Fig. 1͒ . Moreover, Eq. ͑8͒ does not yield the same EOS through routes ͑2͒ and ͑3͒. Let us first consider the standard route ͑2͒. Taking into account the mathematical identities ͑for an arbitrary number of components͒
insertion of Eq. ͑8͒ into Eq. ͑2͒ yields , where unity ͑dotted line͒ corresponds to Eq. ͑5͒. The circles ͑Refs. 26 -28͒ and triangles ͑Ref. 30͒ are simulation data, while the dashed and solid lines are the theoretical predictions given by Eqs. ͑6͒ and ͑7͒, respectively.
where Aϵ͗͘ 2 /͗ 2 ͘ was used as a convenient abbreviation. 27, 29 To explore the alternative route ͑3͒, let us take the limits indicated in Eq. ͑4͒ on Eq. ͑8͒ to get
where
Inserting Eq. ͑13͒ into Eq. ͑3͒ and making use of
one has
The inconsistency Z JM Z w JM appears already to first order in . Comparison with simulation results shows that Z JM is clearly superior to Z w JM .
Santos, Yuste, and Ló pez de Haro's approximation
The two limitations of i j JM just mentioned, namely, the slavery to Henderson's equation H and the failure to give a common EOS through Eqs. ͑2͒ and ͑3͒, are remedied by a recent proposal made by Santos et al. 21 It reads
where z i j is again given by Eq. ͑9͒ and the contact value ͑͒ of the monodisperse fluid can be freely chosen. Obviously, in the trivial case where all the disks have the same size, z i j ϭ1 and so i j SYH ()ϭ(). Insertion of Eq. ͑17͒ into Eq. ͑2͒ yields the following simple form:
where use has been made of Eqs. ͑10͒, ͑11͒, and
valid again for any number of components. Note the identical form of the second lines in Eqs. ͑12͒ and ͑18͒. From that point of view, Eq. ͑17͒ represents a consistent class of approximations, with free ͑͒, rather than a specific approximation.
Some comments
It is worth mentioning that Eqs. ͑8͒ and ͑17͒ share the property that, at a given packing fraction , the whole dependence of i j on the composition ͑x,͒ of the mixture appears through the parameter z i j only. To clarify the implications of this, let us consider two mixtures M and M Ј having the same packing fraction but strongly differing in the set of mole fractions, the sizes of the particles, and even the number of components, i.e., (x,) (xЈ,Ј). Suppose now that there exists a pair i j in mixture M and another pair iЈ jЈ in mixture
Eqs. ͑8͒ and ͑17͒, the contact value of the RDF for the pair i j in mixture M is the same as that for the pair iЈ jЈ in mixture M Ј. This sort of ''universality'' ansatz, which is more general than Eq. ͑8͒ or ͑17͒ and is shared by other well-known proposals for i j of hard-sphere fluids ͑e.g., the scaledparticle theory, Percus-Yevick, and Boublík-GrundkeHenderson-Lee-Levesque approximations͒, 21 is of course only approximate. However, its enforcement leads to the construction of simple and accurate proposals for i j with the help of only a few requirements. 21, 33 Interestingly enough, the EOS ͑12͒ and ͑18͒ are identical when ϭ H is used in the latter, even though the contact values i j used in the derivation are different. More specifically, if ϭ H is used in Eq. ͑17͒, then i j
The property Z SYH ϭZ JM is just a consequence of
as follows from Eqs. ͑11͒ and ͑19͒.
If one chooses ()ϭ H () then Eq. ͑17͒, being consistent with the condition ZϭZ w , can be expected to become more accurate than Eq. ͑8͒, especially for highly asymmetric mixtures. Since H () is fairly good for Շ0.3, as Fig. 1 shows, the main difference between Eqs. ͑8͒ and ͑17͒ in that density domain lies in the functional relation on the parameter z i j : linear in the case of Eq. ͑8͒ and quadratic in the case of Eq. ͑17͒. As a consequence,
where we emphasize that Eq. ͑22͒ refers to 0ϽՇ0.3. This is illustrated in Fig. 2 , where the ratio i j SYH / i j JM is plotted versus z i j for ϭ0.25 and ϭ0.5. In the former case, since H and L4 yield practically the same value, the associated two functions given by Eq. ͑17͒ are hardly distinguishable. On the other hand, those functions exhibit visible small differences at ϭ0.5 due to the fact that H deviates from L4 by about 0.5% ͑cf. Fig. 1͒ . In the spirit of the approximations ͑17͒ and ͑18͒, the more accurate the monodisperse function ͑͒ the better those approximations are expected to be. Therefore, more successful predictions for i j and Z can be expected if one chooses for ͑͒ an expression more refined than Henderson's, such as Eq. ͑7͒, especially for high densities. In Sec. IV we will check all these expectations by comparing molecular dynamics results for i j against Eqs. ͑8͒ and ͑17͒, the latter being complemented by the monodisperse prescriptions ͑5͒ and ͑7͒.
III. SIMULATION METHOD
Since we are interested in the behavior of rigid particles, we use an event-driven ͑ED͒ method that discretizes the sequence of events with variable time steps for all particles between collisions, as adapted to the problem. This is different from classical molecular dynamics simulations, where the time step is usually fixed for the numerical integration of the equations of motion.
A. Collision model
The particles are assumed to be perfectly rigid and follow an undisturbed motion until a collision occurs as described below. A change in velocity can occur only at a collision, and due to their rigidity, the disks collide instantaneously. The standard interaction model for instantaneous collisions of particles with diameters i and mass m i is used in the following. The postcollisional velocities 
B. Algorithm
In the ED simulations, the particles follow an undisturbed translational motion until an event occurs. An event is either the collision of two particles or the collision of one particle with a boundary of a cell ͑in the linked-cell structure͒. 34 The cells have no effect on the particle motion here; they were solely introduced to accelerate the search for future collision partners in the algorithm.
Simple ED algorithms update the whole system after each event, a method which is straightforward, but inefficient for large numbers of particles. In Ref. 35 an ED algorithm was introduced which updates only those two particles involved in the last collision. For the algorithm, a doublebuffering data structure is implemented, which contains the ''old'' status and the ''new'' status, each consisting of time of event, positions, velocities, and event partners. When a collision occurs, the old and new status of the participating particles are exchanged. Thus, the former new status becomes the actual old one, while the former old status becomes the new one and is then free for the calculation and storage of possible future events. This seemingly complicated exchange of information is carried out extremely simply and fast by only exchanging the pointers to the new and old status, respectively. Note that the old status of particle i has to be kept in memory, in order to update the time of the next contact, t i j , of particle i with any other object j, if the latter, independently, changed its status due to a collision with yet another particle. During the simulation such updates may be necessary several times so that the predicted new status has to be modified.
The minimum of all t i j is stored in the new status of particle i, together with the corresponding partner j. Depending on the implementation, positions and velocities after the collision can also be calculated. This would be a waste of computer time, since before the time t i j , the predicted partners i and j might be involved in several collisions with other particles, so that we apply a delayed update scheme. 35 The minimum times of event, i.e., the times which indicate the next event for a certain particle, are stored in an ordered heap tree, such that the next event is found at the top of the heap with a computational effort of O (1); changing the position of one particle in the tree from the top to a new position needs O(ln N) operations. The search for possible collision partners is accelerated by the use of a standard linkedcell data structure and consumes O(1) of numerical resources per particle. In total, this results in a numerical effort of O (N ln N) for N particles. For a detailed description of the algorithm see Ref. 35 .
C. Computation of ij
The results for the RDF contact values are computed indirectly as
where i j Ϫ1 is the average number of (i j) collisions per unit time and per particle of species i, A is the area of the system, and TϭT i, j ϭE kin i, j /N i, j is the temperature based on the kinetic energy per particle per degree of freedom. Note that i j Ϫ1 is proportional to N j and hence i j ϭ ji . The averages are taken over a few hundred thousand ͑low density͒ up to several millions ͑high density͒ collisions per particle, where the first 20%-30% of the simulation time is typically disregarded, so that the average is taken in a reasonably equilibrated state. 
IV. RESULTS AND DISCUSSION
We have considered two hard-disk binary mixtures with a mole fraction of small disks x 1 and a mole fraction of large disks x 2 , as summarized in Table I . The diameter ratio of small to large disks is 1 / 2 ϭ1/2 in both cases. The corresponding values of the parameters z i j defined by Eq. ͑9͒ are also included in Table I .
Mixtures A and B have nearly the same composition (x 1 Ӎ0.8,x 2 Ӎ0.2), but the number of particles in mixture B is about 17 times larger than in mixture A and so the statistics is better in case B. The data of i j for several area fractions in the interval 0.01рр0.75 are given in Table II . The values of the compressibility factor obtained either directly from the simulations or indirectly from Eq. ͑2͒ by inserting the i j are also included.
A. Contact values ij
In Figs. 3 
Low densities
We observe that i j SYH / i j JM with both prescriptions ()ϭ H () and ()ϭ L4 () are practically indistinguishable up to Ϸ0.3. This is consistent with the fact that in that domain of low and moderate densities the correction ͑7͒ to Henderson's EOS is irrelevant, as shown in Fig. 1 . On the other hand, some limitations of Eq. ͑8͒ are already ap- highly asymmetric mixtures. 21 Moreover, i j SYH can be used in conjunction with any desired expression for the contact value of the monodisperse fluid. When instead of Henderson's expression the one recently proposed by one of us 26, 27 is employed, i j SYH exhibits a reasonable agreement with the simulation data for տ0.3.
In spite of this, it can be observed that i j SYH tends to underestimate the simulation data for very high densities ( տ0.6), so that an even better approximation is needed in that extreme, high-density fluid regime. From this point of view, we hope that our simulation data will be helpful to test the accuracy of other future theoretical proposals that have been or will be made. 
